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We will prove that certain torsion classes in the cohomology of SL(2, O) give
Galois representations for the relevant number field.  1998 Academic Press
INTRODUCTION
Let O be the ring of integers in an algebraic number field K which is
finite over Q and let M be a module for GL(n, O). There is a variety
of conjectures concerning the relation of H*(2, M) for subgroups
2GL(n, O) or SL(n, O) of finite index with representations of the
absolute Galois-group GK of K. See for instance Ash’s paper [1] for a very
clear exposition in the case O=Z.
The paradigmatic case is SL(2, Q) and M an irreducible algebraic com-
plex representation of SL(2, C). In this case the symmetric space corre-
sponding to SL(2) modulo 2 is a Shimura-variety and it is well-known that
to eigenclasses under the Hecke-algebra acting on the cohomology there
correspond l-adic representations of GQ such that the traces of the
Frobeniuselements in the Galois-group are given by Hecke eigenvalues.
See, e.g., [4].
Much less is known in most other cases, but there are a series of interesting
constructions supporting the general conjectures. See [1, 6, 7, 8, 9, 10, 16]
as well as the literature referred to in these papers.
It is the task of this paper to prove the following theorem, the terminology
of which will be explained in the sequel.
Theorem. Let O be the ring of integers in an algebraic number field K
and 5l # Z a prime which is totally split in O. Let N # N be such that
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O :=O[1N] has class number 1 and infinite group of units. Let Q be a
subquotient of the l-torsion part of H i (SL(2, O), Mn(O)) (i # [1, 2]) which
is simple with respect to the algebra generated by all operators T? , where
? |% lN generates a prime ideal in O, the corresponding eigenvalue of T?
being denoted :? . Then the corresponding eigenvalue is 1+N(^) (mod l)
where ^ is the prime ideal generated by ?. Hence there is a 2-dimensional
representation
\ : GK  GL(2, Fl)
such that for all ? |% lN as above we have
tr \(Frob^)=:? ,
where Frob^ is a Frobenius element for the prime ideal generated by ?.
Remark. 1. The classes we will construct are basically the same as the
ones in [12]. This shows that this torsion classes are kinds of lifts of
modular forms on SL(2, Z). In this way, the ‘‘reason’’ for the truth of our
theorem is rather the paucity of the cohomology-groups under consideration.
This again is very similar to Theorem 0.1 in [1].
2. If we do not twist the modules Mn as indicated in (1.1b), then we
have to take into account the following possibility. We only will find that
the Hecke eigenvalue is independent of the generator ? of ^ if we restrict
to eigenforms which are invariant under GL(2, O). Then the necessary
version of (1.4a) and (1.4b) will imply that the systems of Hecke eigen-
values have the form
:^=?b(1+N(^)) (mod Lj)
where Lj is a prime divisor of l and b is a multiple of the order of the
image of O* in (OLj)*. I do not know whether this can be realized as
traces of a Galois representation in general, and only when b is a multiple
of l&1 this is clear.
The rest of this paper is dedicated to proving the Theorem. It is a
pleasure to thank the Mathematical Institute in Oxford for the hospitality
during my stay there.
1. THE SETTING
Let us now introduce more precisely the concepts we want to deal with.
Let K be a number-field of degree d, O its ring of integers. We will
be interested in l-torsion for some fixed prime l # N which is totally
185GALOIS REPRESENTATIONS
File: DISTL2 222803 . By:CV . Date:14:05:98 . Time:10:58 LOP8M. V8.B. Page 01:01
Codes: 2712 Signs: 1890 . Length: 45 pic 0 pts, 190 mm
decomposed in O. In order to get a ‘‘good’’ Hecke-algebra we should have
class-number one. This can be achieved by replacing O by O :=O[1N] for
some suitable N # N, cf. [15]. More generally we could have chosen to
work with another ring of S-integers of class-number one, but we preferred
this more concrete situation. We moreover will assume that O has infinite
unit-group. If K is neither Q nor imaginary quadratic with class number
one, this is no extra condition.
We now look at 1 :=SL(2, O). It is well-known, cf. [14], that 1 has the
weak congruence-subgroup-property (wCSP), i.e., the congruence kernel is
a finite group, and that this implies that for any 1-module M the first
cohomology H1(1, M) is a torsion group. Moreover, the congruence kernel
is non-trivial if and only if O=O and K is totally imaginary, in which case
it is the group of roots of unity in O.
Let Mn(O) be the set of homogeneous polynomials in two variables X
and Y over O. Mn(O) is an SL(2, O)-module by setting
\ac
b
d+ X eYn&e :=(aX+cY )e (bX+dY )n&e. (1.1a)
As is well known, the 1-cohomology of Mn(O) with odd n only consists
of 2-torsion. We therefore restrict our attention to even n and here we
define the action of GL(2, O) by
\ac
b
d+ X eYn&e :=(ad&bc)&n2 (aX+cY )e (bX+dY )n&e. (1.1b)
The reason for this twist of the GL(2)-action is that with this normalisa-
tion the sequences in (1.4) have the most simple form.
Let now l be our fixed prime number and L1 , ..., Ld its prime factors
in O. We will now show how to construct all l-torsion classes in
H i (1, Mn(O)) for varying n where i is 1 or 2.
We make use of the short exact sequence
0  Mn(O)  Mn(O)  Mn(OlO)  0 (1.2)
where for any ring A with 1 we set Mn(A) to be what everybody now
expects and where GL(2, O) operates via its natural homomorphism to
GL(2, OlO). This shows that l-torsion in H i (1, Mn(O)) is a quotient of
H i&1(1, Mn(OlO)).
Now we observe that
Mn(OlO)$
d
j=1
Mn(OLjO).
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Due to the restriction-inflation-sequence for the first cohomology (cf. [3])
we get an inclusion

d
j=1
H1(SL(2, OL2j ), Mn(OLj))H
1(1, Mn(OlO)). (1.3)
But now we have chosen l in such a way that OLj $Z(lZ)=: Fl=: F.
Therefore the left-hand-side in (1.3) is isomorphic to a direct sum of d
copies of H1(SL(2, Zl2), Mn(F )).
It is clear from the weak congruence-subgroup-property and the discus-
sion in [12] that (1.3) is an isomorphism. We therefore can use the follow-
ing arguments from [12] to calculate H1(1, Mn(OlO)) inductively and
simultaneously convince ourselves that the additional simple Jordan
Ho lder-components under the Hecke-algebra have well-known eigenvalues.
We use ideas of Ash and Stevens, cf. [2].
First of all we have to recall that due to Dickson (cf. [5]) the algebra
of invariants H0(SL(2, F ), F[X, Y]) is generated by two elements namely
%1=XlY&XYl and %2=(Xl
2&1&Y l2&1)(Xl&1&Yl&1). Only %1 is of
relevance here; it is even invariant as an element of Ml+1(F ) under
GL(2, F ).
For integers k we denote by Jk the GL(2, F )-module consisting of
homogeneous F-valued functions of degree k on F2 which vanish at 0.
The direct sum k Jk (k modulo l&1) is isomorphic to the module
coindGL(2, F )H where H is the stabiliser of (
1
0). For even k we set Ik :=Jk 
det&k2 which means that the action by GL(2) is tensored by the (&k2)th
power of the onedimensional determinant representation.
We now get GL(2)-equivariant short exact sequences
0  Mn(F )  In  Ml&n&1(F )  0, 0n<l, (1.4a)
and
0  Mn(F )  Mn+l+1(F )  In+l+1  0, l<n. (1.4b)
These can be found in [12], have their origin in [2] and were also used
in [17]. In (1.4b), the first morphism is multiplication by %1 . Remark that
the determinant factors which turn up in the sequences in the literature are
unneccessary for us, as we have tensored the usual modules by appropriate
powers of the determinant already. The second map in (1.4b) is evaluation
on F2.
It will be clear from the definition of the Hecke-operators that the long
exact sequences on cohomology which can be derived from (1.4a) and
(1.4b) are Hecke-equivariant.
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We will need to know the following dimensions where we use F=OLj
to define the operation of 1 on Ik .
Lemma. The dimensions of the zeroth and first cohomology of 1 with
coefficients in Ik are as follows (k is to be takes modulo l&1).
0 if i=0 and k{0,
1 if i=0 and k=0,
dim H i (1, Ik)={0 if i=1 and k{\2, (1.5)1 if i=1 and k=\2, l{5,
2 if i=1 and k=2, l=5.
Proof. The proof of these assertions is the same as that for the analo-
gous case in [12], p. 105. This works because the order of the congruence
kernel is coprime to l which is totally splithence there is no l th root of
unity in O. K
The Lemma will be used in the next section in order to prove the
theorem. Going up via (1.4b) from Mn(Ol) to Mn+l+1(Ol) will at
most enlargen the zeroth cohomology by the zeroth cohomology of
dj=1 In+l+1 one summand for each ideal Ljwhich is rather small and
on which the Hecke-eigenvalues can be calculated. Similar considerations
will apply to the first cohomology.
2. THE HECKE-EIGENVALUES AND THE
GALOIS-REPRESENTATION
Up to now we did not need the assumption that O has class number one.
We will need to assume this from now on. We remark that e.g., Stark has
proposed to look at modular forms in this S-arithmetic case because via
class number 1 it is then possible to copy classical calculations to a large
extend; cf. [13] and [15].
If we do not insist in class-number one, we will only get Hecke-operators
for the principal prime ideals. For these, then, the assertions of the
Theorem are also valid.
Let l  ^/O be a non-zero prime ideal, p # ^ the positive generator of
^ & Z and ? a generator of ^. Then O^ is a finite field of characteristic
p with N(^)= pe elements, say.
The Hecke-operator T? is defined on the cohomology via the following
composition (cf. [11] or [6]):
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T? : H i (1, Mn(A)) ww
res H i (10(^), Mn(A)) ww
a? H i (1 0(^), Mn(A))
ww
cores H i (1, Mn(A)).
Here, A may be O or Ol, res is the restriction on cohomology, a? is the
map between the two cohomology-groups in question induced by a? :=
( 10
0
?), which conjugates the two congruence subgroups into oneanother,
and cores is the corestriction. The long exact sequences derived from (1.4a)
and (1.4b) are Hecke-equivariant and so we have to calculate the Hecke-
eigenvalues on, say, H 0(1, I0). (It turns out a posteriori that this determines
everything on the torsion in first and second cohomology.)
As H0(10(^), I0)=H0(1 0(^), I0)=H0(1, I0) is onedimensional, it is
clear that this eigenvalue is just the index of 1 0(^) in 1, as a? also acts
trivially on this space of fix vectors. This index is 1+N(^), where N(^)
is the norm of the prime ideal.
Going through the sequences (1.4a) and (1.4b) we see in a similar way
as in [1] or [12] that the only systems of Hecke-eigenvalues which arise
for simple subqoutients in the l-torsion of H i (1, Mn(R)) are of the form
:^ #N(^)+1 (mod l)
where ^ runs through all prime ideals in O which are coprime to lN.
But then we are at the end of our proof, because this eigenvalue of T^
is of course the same as the trace of any Frobeniuselement for ^ under the
following (reducible) representation of the Galoisgroup GK .
\(g) :=\(g)0
0
1+ ,
where  is the cyclotomic character of the Galoisgroup acting on the l-th
roots of unity, i.e., g(‘l)=‘(g)l .
Remark. 1. It would be interesting to relax the condition of l to be
split. This will probably not change too much. Also interesting were the
study of higher torsion, i.e., prime power torsion in the cohomology.
In [12] for example we find restrictions on the exponent e for which
le-torsion can take place which correspond to the von StaudtClausen
congruences for Eisenstein series. Similar restrictions will hold in the
situation treated here.
2. It would be interesting to get more information on the third (or
higher) cohomology. As can be seen from [12], it will no longer be true
that there is a coincidence of third cohomology as large as that for first and
second cohomology which is encoded in (1.3). For instance, in the case
K=Q, non continuous cohomology classes come into play and it is still
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unclear to which extend the phenomena of [12] carry over to third
cohomology when 2 primes are inverted.
3. What are the ‘‘Jordan-blocks’’ of the Hecke algebra on the
cohomology? By this we mean the minimal direct summands into which
the cohomology decomposes under the Hecke-algebra.
4. Due to the Remark at the end of the introduction we also could
ask when the image of the unit group O* in (OLj)* is surjective. Or what
the possible orders are. This seems to be a difficult question in general.
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